[?iJ Chapter II

Composition Algsbras




8l alpebras of cl-e:gracl 2

In this chapter we construct and dnwvoestigats the zozt important
in come s2nse the "anly') altervnative algsbwras which zre not assncia-
tiwve, tha Cavley algebras. The properties of these algehras will in-
dicate and illumdnate the preperties of general alternative algebhras.
We say 2 unilal nonassocisztive alpehra A over ¢ is of deprees 2

pver & Lf cvery elenent x & A satislies an cguation of degree 2

£1.1) xﬂ - L{x)x + nlx)l =0 (efx), nix) & o)
1.2 efl) = 2, nf{l) =1

where the Lrace U Is & linzar funetion snd the norm o oa guadretdic Tune-
tion of x, (Such algebras are usuzlly called guadrstic algebras, but

for ulterdiar motivas we ghall refyain freom usiap this term, )

These hypotheses guarantes 4 ds strictly of desyes 2, 1.8, eBvary

scalar cxtoaslon “"-.:: remalng depres 2 oover B Indesd, the lincarization

y "y
“

i ) 2 ;
process applied +o (1,10 vields ()" — =7 — %71 - {tdstyd faxdy) -

tlxdx -~ t(wlvi 4+ [nfxty) - nlx) - alydl = 0 oy
{1.1%) ® ey = tix)y - t{yi=x 4 alx, vl =0

{using the hypothesis tlxly) = £{x) + ©i{¥) of linearity of r; Lere =, v)
1g bildnear by the gquadratic nature of n). Onece (1.1) and its lincariza-
tion €1.1'} held for the elemsnte of A, thaw hold far all cloments x -

e f':n.'- = 8 [ - A .
T wedy in ﬂﬁ { ir: yoay e A)

:»:E = ?Zmz:iz + L w,w, Aa,=a,
4 4
i<3
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= T wmUiela ey i fefa Na +tfa e, nfa, ,a,)l:
= ﬂilt{hi)ai n{ni} 1+ .ﬂ. u{mth[ i'qj {nj} ;nlay J} )
id]
o i
- i {i mju(aj)}mial-zrui n{ai}+ﬂimju{ai’aj}}l

tﬂ(x)x - nﬂ{ij

fox tﬂ{x} = I mjL[hj} the linear extersinm of L on & to lut oo 0 & A=
e Lo i 2o oy
B and nﬂ(z} =i min{aij - ‘;. wimin{ai,ﬁj] the guadratic extension of
17 ;

noon A Eo A
il

1.3 Panark. BReing of degres 7 depends wvery much on the ring of secalars.

I[ 4 T0&6 then any ¢-alpehra is Ly restriction also 2 dﬂ—a]gebta, but in
a a !

general it won'l be of degree 2 over @Q if 4+ Fm depres 2 over 3, The

trouhle is that for A +t¢ De quadratic over g, all tix),n{xz) must be

gealars In ¢a’ not just in £.

1.4 Remark., The cenditions (1.2) are not autonatic censequences af (1.1},
For exazple, 1% & does not act faithfuvlly en b and ¢ B & satisfiszs g1 = 0
(hence E.h = 0) then £'{x) = (I+c¥t(xt, n' (=) = (I+2in{=) will etill he
linear and quadrialic and satisTy {1,1), but net 7.2) sinece £7(1) =

242 ,n' (1) =14+ = . But (1.2) can Tail even il ¢ acts faithfully:

1f A = ¢l then (1.1) holds for t'{%) = 23 4 g3, n' (1) = 1? + EAZ but

t' (1) = 2+ g, n'(1) =1+ e. Hers ¢ can he arhitrary, and & can evsn

be a fisld, From our point of wicw, a ¢ and n which don't sabisfy (1.3)

are nol really a trace and norm for A,

1.5 Remark. Tf we do not assume t, n are lincar, quadratic then A

uie

necd not rewain of degree 2. For example, if ¢ is the field EET then



¥ ) . - 2
any Boolean {associative) rinpg is #n algebra over‘f; gsatisfying = = x

for a1l =, 1i.e.

x? - tfxdw - afx)l =0 for b{x) =1, nix) =0,

Clearly t is not lincar in the case, and if & dis a proper extoensien flsld

=

of ¢ (containing w # 1,0} than 4, is no longer ol degrez 23 if 1,2,h & A

1]

1 . . ?
are independent then: = = a + b & A, Is noet of degree 2 (%7 1is not
4 o g X 2 2 3 %
linearly dependent voon 1 ond.ox) boocuse st = 2 + wlshthal + w'b =

2 a ;] : ; ;
a+ whb=x+ {u-wb and (« =e)b 1s indeperdent of 1, x {i.c. of 1, 2).

Kotice in this example T has only two elemenlbx, amd & lhas zovo
divisors, If ¢ were anvy hipoer, or & were frec of zoroe divisors, then

A would have Deen slrictly degrec 2 boocause of

1,6 (legree 2 Criteria) Lel A he a unital algsbrs over a field 2 such

that every elewmsnt % & A satisfics an egquation of degres 2,
2 P : ; . ,
¥ 4+ ox pl=10 (o, €2 ¢, depending on 2) .

Then A will be of degyee 2 1f either of
(i) © contains more than 2 elements

(111 A dis sltemnative and contains no zeroe divisors.

Tn this case tf(x) = =z, nix) = [ if:{§€'H¢ anc t{x1) 2y, nfx) =

lz for = = A £ §1,

3
Progf., If = Eﬁﬁl then the o 3 satisfying w4+ oax + BRI

0 are uni-—
guely determined by %, =0 E{x) and n{x) are well-deflncd Ly the above
formala, and it is just a quastien of whethey «© Ig linear (if it iz,

a
nf{x}l = t{x)x - x7 is zutematically quadratic).



Certainly t ) ; sL(x): this dis tyivial if 3= 0 or x = #1, vhile
otherwise Az{x2 — t{x)x + nixyit =0 = {Axﬁz - t(a=dax + nfa)l dmplies
Afde(E) - £(ax)ix = {12n{x) - n(;x)31; since x, 1 are independent if
& ¢l ﬂcth eoafficients mist vanish, and sinee ) # 0 we see t(px) =
aelx), nlex) = Aﬁn(wj. Tt remains only to show bixty) = tl=) + c(¥).

Firét consifder the case where 1, %, v are dependent; i.e. they lie
in a ?-dimensional subspace 41 + $z.  1E will suffice if £ 15 linear om
this subspace, tfcl + Bz} = atll} + St{z) for all «, 5; clearly we need
only conmsider o,Bf # 0, and dividing 5y u (receall t0x) = kt(x))} reduces
the problem to showing t{I+w) = L{1) + E(w) for amy w. Here we may
acsura W ?fﬁl, s LQwkl) (w+l) - n(etlll = {?+3}2 = wz + w4+ 1 = b{wiy -

n(w)l + 2w - 1 implies fcguating ceeffielents of w) L{w+l) =t wi + 2=

elw) 4+ (1.

L o
ey ' 1 1 [ = = b o S
Fow assume 1, x, v are independsnt, Then (wtiy)” = =7 - (iy)" =
5 Lo 2 2 2 . -
Alorie) = 3{{wty) - %7 - ¥ ) and the formulas for sguares glve

{t Gebayd ebiy) - nlmbavdlt « {e(ele—nGa1Y = (el v-n(ayll: =
l{t{x+v}fx+y) - n{wledl} = e x(=1Y — A{t{xly-n(yi1). By inde-

pendance we can equate cocfficients of = and of ¥ to get

t(ekay) - t(x) = aclxtyl - Ati{x) £ (zebhy )= 12E(Y] = kt{mty) = at(y).

Ba far wa havern't used (i) or (11}, If we assune [ﬁ: S 2 owe can
chansz » # 0, 1 in ¢; dividing the sccond relation by ) and subtracting

from the first pives
(h=1)1tixty) = tl{x) - e{y)} =0

and we can cancel =1 F 0 te get tixby) = t{x)} + t{y).
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Suppose now ¢ = ZZ? but Lthat A is zlternative withouk =zern divisors.

bk |
In this case x~ = x4+ AL = 0 dmplics 0 # 0 unless x&= #1 {if & = 0 then
P e ' 3 :
%7 4 opx o= owfw 4+ @) =0 ferces v = 0 or x= — «l Il thers are no zero

divisavs). If we try ba repeat the arpment for (1.1') we ger on'y
(1.7) xey = {eGeby)-c(d) ke + {tlety)-tly) ly + mlhy)-n(x)=nly) il .

If thn commutator [x,v] # 0 then commutiag the relation with = gives
)
[, xey] = {t{xty)-t{y)? [x,v]. On the other hand, [x.xav] = = [y,%"]

a i e i 2 r
{(linearizing [%,% 1 = 0, or using flexibllity directly x{zylyz) - (xy+yx)x

: e 2 o
= wluy) - (yxlx = xzy = [x.z.v1 = [v,x,x] = vx =[x ,v]) if A 48 Flexible,
2 - . . s . 3
and = [v,x 1 = - t{e)ly,x] = t(x) [x,¥]. Identifying coefficients of [x,%]

E{vas Lf3+y} = :{E} s %),

a

S0 assume [w,v)] =0, Since d = Z:'? we are in charactevistic Z, =0

[x,v] = 0 45 equivalent tn =ey = N, PBeeavse 1, x, ¥ are independent

the cozlficients in (L.7) nust all wanish,
t(xty) = E{x) = t{y) .

Wa will show these Lraces are all zero, so t{xdy) = vix) + ti¥) halds in
a rather trivial fashion. (Mowever, the proof is not triwvia®!) If Lho
traces woere not all zern, we rould scale them up (recall w(iz) = 2L(=))
; 4 2 21
g0 thevy are all 1. Then tlzylzy - nixy)l = (xv)" = 2y (by alternativity
.
and the fact that % commutas wlith y and so also with v i (x3){yx) =

2 27 |
Xy n o= x{xy?} = xzy Y= {xm ()1 Hy-n(y)1} implies

{tfxy)-Llay + o)y + nlydx - nGy)taIn() L = 0 .
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1
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4z we remarked above, nix) and niy) are nonzero: sinee 1, =, ¥ are

independent the coefficient of xy cannot be zero, tixy) # 1, aund zy =

x gy + v1 for neazero x, 8. In partlcular, =y cannot Le dependent on
% and 1 alone., Dut then 0 = x (wew) = wauxy = {L{zbkxy) - tlx) oy
Telatravd=1tx = {nlwtuy)-n{=)-ni=xy) }1 f(using (1.7)) is poszibla only whan

the coefficisnts vanish, t(xy) = t{wdxy) = 1, concradicting Lixy) # L.

Thus t{=ty} = t{z) = tl{y) = 1 is impessikle. L3

We can introdoce a stacdard dnvelution

{1.8) ¥ = L{x)]l - x
in muy degree ? glpebra, The map = » =2% ds cleariy linear of periad 7,
w¥® = fe(edl-x]® = £(x)2® - x* = (x)]l - x* = x giace 1% = (1)1 - 1 =

TEN

2 -1 =1%y (1.2), Thus # i= Jnear involvtinng howevar, it 18 nol

generally an involution of the alpehra structurs.

o
The degree 7 equation (1.1} heoomes ni{xll Elu¥n -~ xn = xf{t{x)1l -

w oA owh o= tix)l .
L) (Trace and

(1.9}

s Morm Formulas
wx¥ = wfx = n{x)1 . ' 2

We rcan run the trace and ncrm foremclas backwards to censtruct degrec 2

algebrasa.  An dovolution * on a unital algebra over ¢ is a goalar dnwnlu-
tion 1f all porms n(x) = xx* and all traces t(x) = = + x% lie in ¢1.

In this case t, n are antematically linear and quadratie, and n(x) =

nx® = w{t{x)-x}l = tlx)x - xg Locemas



e

xi - tl{xdx + nix) =0 .

11

I
-

This is (1.1), and (1.2} comes Trom 1 4+ 1% = 1 4+ 1 =2, 11*

Ve have showm

1.10 Prepositicn. TF & has a sealar involution ¥ then A is of depres 2

pvar 41, and ths standard involutien associated with & fs just *, B

WARNING:  Sipee we are nob assuanling & acts faitafully on A we oanuot
identify & with 3l: in gencral nf(x),¢fx} & 91 cen"t be lifted te guadra-

tic and Tinear nix), 'E{:»:} = & satdlsiving Il‘li{f-T:l'] = n{=), Li{x)l = t{x}, so

A need not be degres 2 over §, i3

In the casc of an altemative depree 2 alpebre, the U-operator takes

on & particularly simple form din tervms of the sLandard Involatien:

(1.11) Uy = nltyslx - nlxly*

{1.12}) EyF* = vk - nixdy (U-Termulas)
T ek = (e e .

(1.1% Lxx nix)x i

1t suffices to prove (1,123 (for (1,13) recall nix,=) = Za(x)n ny* =
xy¥x = {ay®* 4+ yuFdw - yixw) (by alfemarivity) = ala,yrx — nlx)y
(linparizing xx® = w¥x = olx)l]}.

Any isotope of & degree 2 alteragtive algebra rewains degrae 2,

indeed

1.14 (Isotepe Formula) If A is a degree 2 alternative algehra then

i ('LI.“."}

any dszctope A ig again a degree @ alpebra,
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xE(u,ﬁ} B t{u,v}{x}x + r{u,v}{z)1{u=v] -

¢ o
whare E(J‘vﬁ{x} = piz, {uv)*) and n(h’i”{x] = niuvial=),

I{u,w)

11, . .
a{ U the square is x = kxfuv} = nbx, (uv)F)lx -

Froof, In

nlx) (ued® by the U-formmla 1,11). Now by definition of isvtope, uw

.l . _1 U,V w . - Ty W

must be invertible and () = I{d v) iz the unit for ﬂid }. Bul

U .{H(UV}I{”’v)J = piuvil {uvjul = nfuvduv — U {m)® 5y (1,13), so

1w " 0w * uy ?
injsctivity of ﬁuv implies {uw)® = n{uv}l{”’u). Making Lhis replace=ent

in our previcus formula gives

?:E{U_\"'T} I:_U,V:l T t{u:."'\-"j( :I = n':usv} {X]l{u'v}.

= nix, (uvi®lx — n{xinfuvil o Bt

Clearly the noew q_l:u!"’}? Tlfu,v}

are linesr and guacdratic 17 the old ones

WETE. Ej'



B

1.2

If t,n satisty (1.1) show £(1}1 = 2 iff ni{idl =1, If % acts
faithfully, conclude £{1) = 2 iIf afly = 1,

If A econtains "indesendent” elements x, 1 such that ox + 51 = 0
implies o = 2 = 0, show (1.1} implies (1.2),

Show Elx) = olx, 1} in any degres I alpehbra.

Show that any E-elementa in an albermative degree 2 algebra penarals
(mitally) a subalgebra spanned by 4 elewents, Write down 2 mul-
tiplication Lalla. Conclude that any 2? elements pgenerate an assocla-
tive subalgcbre.

Show that zay (imital) subalgsbra and any homomorphic dmage of =

sipshra iz deprec 2,

T

deprae



6, TProblem Sct on Degrea 2 Algcbras

We will gilve a rocipe for conslructing all depree 2 algebyas, and
use it te plwve an example of an zlpelbra with scalar invelution which is

not flexible.

Civen z hilinear alternating product = om ﬁc fep & w a=0) and =a

hilincar form ¢ on A define ac algebra A = {Ao,n,x} ko be A =

¢1 & A as linear space, il multiplication
8]
xy = {ol @ al{fl & h} = {af +ala,b)1L & {zh + fa + a x bl .

Show A is degres 2, and find the trace t and norm n.

2. Ehow * 1s an inveluticn en A iff the bilinear form & ls syrmmetsic.
{If * 4s an involution, 1r 1s necessarily a scalar fuvelulion).

%, Show A 1a Tlexille iff ofa,bla = ofh,a}a and cla,b=a) = glask,a) for
gll a,b. When ¢ 18 a field this reduces to g being syvmmetric and
2o(a,axb) = 0. Deduce that there cxist degree 2 algebras with
gozlar involutions which are not Fflexihle, buf not over & field §.

4, GBhow A is lefr altornative iff gfa,axh) = 0 and ax{axh) = cla,alb -
ula,bla; in this case show A is (two-sided) alternatiwve. Show A

ia asapciarive 1i7f ofaxh,e) = ola.bxe), (axb)=c — a=x{h=e) =
ofh,cla — ala,lb)e,

5. &how that n permits composition iff ola,&)a(l,b) + ofavb,asd) =
u{a,b}z, ala,by = ulb,a), 2ola.axk) - 0 Tor all a,hb.

6. Construct an exarmple of an associative depree 2 alpebra which does
not permit composition and for which # ds net an invelution (3 nust

contain nllpotent clementsl)



